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Nonlinear Finite Element Analysis of Thick Composite
Plates Using Cubic Spline Functions

Ronald L. Hinrichsen* and Anthony N. Palazotto?
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio

A nonlinear, thick, composite plate element is developed in which the usual Kirchhoff hypothesis of plane
sections remaining plane and undeformed after loading is abandoned. The displacement field is characterized by
the sum of displacements with respect to a reference surface and displacements through the thickness. The
through-the-thickness deformations are modeled by imposing a cubic spline function and allowing the rotations at
interlaminar boundaries to be degrees of freedom in the element. The theory is developed by considering the
Lagrangian strains in conjunction with the second Piola-Kirchhoff stress. This formulation leads to a quasi-three-
dimensional element that encompasses large displacements with moderately large rotations but is restricted to
small strains. Comparisons of linear and nonlinear thick orthotropic plate solutions with those of previously
published analytical and numerical results show the validity of the method.

Nomenclature
a = plate length
a, = nodal degrees of freedom
[A4],[B] = intermediate integer matrices
[C] =[4]"' [B]
oY = indicial form of [C]
(D], = stress-strain matrix for jth layer
é; = unit vector normal to reference surface
{e} = physical strain vector
E,, E, = Young’s modulus in fiber longitudinal and
transverse directions, respectively
G;; = shear modulus
h = plate thickness
H;, = cubic spline shape functions
[I/< | = elemental stiffness matrix
[K,L,[K,L,[K,]; = linear and nonlinear portions of [ K]

bl
[Lo),[L,},[L,] and[L], respectively
[L] = gtrain-displacement matrix
M = number of layers in the laminate
n = number of nodes in element
N, = in-plane elemental shape functions
P, = pressure loading magnitude
S = plate thickness ratio
1 = thickness of jth layer
u = displacement vector
it = reference surface displacement vector
i = through-the-thickness displacement vector

(u11u21u32’

(al > Uy, u3)’
(i, &1,) = components of u, &, and &, respectively
ﬁ =i
i =i
u,w = dimensionless displacements
{u} = displacement vector
b =1ii,
] =1,
w =1l
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x = position vector of a point on the plate
reference surface

y = position vector of a point in the plate

(Y1, Y25 13) = coordinates of an orthogonal system

z =y, (thickness coordinate)

z; = coordinate of the jth layer

z = dimensionless thickness coordinate

€ = physical strains

£ = position vector of a point in the plate
after deformation

Vi = Poisson’s ratios

G, = dimensionless direct stress

; =di/dz at z=z;

0; =db/dzatz=z;

>\j = j+1/(tj+tj+1)

L =1-A

Background

ROM the study of the theory of surfaces,! one sees that

any point on a plate can be located by means of three
parameters, two of which vary along a reference surface while
the third varies along the reference surface normal. An arbi-
trary point in the plate is located by means of the position
vector

.V()’l’Y2a)’3)=x()’1aY2) +y3e3(y1,y2) D

where x is the position vector of a corresponding point on the
reference surface and y, is the distance of the arbitrary point
from the reference surface measured along the unit normal e,
(see Fig. 1). Thus, if the plate undergoes a deformation, the
arbitrary point moves to a new location § and the displace-
ment vector is # as shown in Fig, 1.

The displacement vector is divided into two parts: &, a
function only of the surface coordinates and associated with
the deformation of the reference surface and &, a function of
all three coordinates and associated with the deformation
through the thickness. The components of u can be written as

“1=f‘1()’1’)’2)+i‘1()’1a)’2’)’3) (2)
uy =,( 31, 3,) + (3, 2, 13) 3
U = f‘s()’v )’2) (4)
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Under such a deformation, the Lagrangian strains are de-
rived. Although this paper deals specifically with flat-plate
structures, the full derivation for a general curved structure
was carried out in Ref. 2.

If 2one converts from tensorial to physical strain, one ob-
tains

€ = (i + al),l
[+ i) I+ [+ ) I+ (5:0)°) (5)
€= (i1, + az),z

[+ ), + [+ )]+ (85,)°) (6

- A N2 " N2 - N2
‘33=“3,3+%{(“1,3) + (ity,3) +(“3,3)} (7)
2eyy =l 3 +i15,+ 1?41,3(171 + ”:‘1),2
ity (B + By) 5 + B3 50, (8)

2e =1y 3+ 103,; + 1‘41’3(1}1 + 541),1
ity 3 (g + f1y) ) + B 505 (9)
e, =y + i), + (i + @), + (8 +8) (8 +8y),
+(1'22+a2),1(a2+a2),2+a3,2a3,1 (10)

where ( ) ; represents differentiation. In this form, the equa-
tions show some new terms #, ; and their products with the
other displacements.

These strain-displacement relations can be written in vector
form as

{e}=[L]{u} (11)

where
{e}= [511,522, ‘33a2€23,2€13a2€12]r (12)
and
i+ i n+i u
{uy={ i+ ={5+6}={U} (13)
i1y w w

The matrix [ L] is a nonlinear differential operator that can
be further reduced to linear and nonlinear parts:

[L]=1Lo] +[ L] +[L;] (14)

Fig. 1 Deformation terms and geometry.
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where [L,] contains only linear differential operators, [L,]
nonlinear expressions involving only the reference surface
displacements, and [L,] nonlinear expressions involving the
through-the-thickness displacements.

The Finite Flement

Consider a plate made up of M orthotropic laminae, each
having its own set of material properties, which may vary
from layer to layer (see Fig. 2). Let the reference surface be
chosen to be the bottom-most layer, ie., z=z,. Then the
reference surface displacements (#, &, w) can be modeled using
a two-dimensional isoparametric element. The through-the-
thickness displacements (&, #) are represented by means of a
cubic spline as follows:

Let the bottom of the jth layer be given the coordinate z;_;
and the top z;, where z=y;. At z=2z; 1, let di/dz=¢;_,
and, at z=z;, let d&1/dz = ¢;. Then a cubic spline is formed
to represent the displacement #(z). That is,

—6 (Z“Zj—l) (Zj‘z)

g 3
5

f‘j(z) =¢, 1

(z,-2)’(z=7.1)
;
i (z —2)2[2(z—zj‘1) + tj-]

s 3
5

+a,-(z*z""1) [fﬁzf‘z)”f] (15)

with the continuity requirement

: =it 41—
A1 +2¢+ ¢, =3, ; +3p, i (16)
¥ zm
Z 7

Fig. 2 Typical laminate plate lay-up.
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Fig. 3 The 8-noded element.
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where
#;(z) = restriction of & to jth layer (17)
t=z—z,_, (18)
A=t/ (44 440) (19)
w=1-1, (20)

Equation (16) is the well-known continuity requirement in
spline theory.® It is a system of linear equations.

If each of the laminae has equal thickness ¢, then the system
of equations in Eq. (16) takes the form

[Bl{¢}=3/:[4]{a} (21)

where
{‘?5}:[% b ¢2-~¢‘M]T (22)
{’A‘}=[’70 f‘1~~~f‘M]T (23)

[B] and [A] are matrices whose components are integer num-
bers and #; = 0. The system is solved to yield

{#}=1/3[C{¢} (24)

where

[Cl=[4]""[B] (25)

The values of {#} are then substituted into Eq. (15) to yield
a cubic spline that is a function of the rotations {¢}. Upon
rearranging, Eq. (15) can be written as

M+1
ﬁj(z)= Z I'Iji¢i—1 (26)
i=1
where
2 2
R B e G B CE i § )
ji ij t2 i—1,7 tz
2
ic .(zj—z) [2(z—zj_1)+t]
j—1,i 342
2
z—2Z;_ 2z, —z)+¢
1ot gfzf ) ]} 27

§,; is Kronecker’s delta and G, = 0.

In this form, the H;; can be thought of as a set of global
shape functions to represent displacements in the z direction.

If one turns attention to the  component of displacement
and makes the same assumptions and arguments as were
made for #, one would obtain expressions for H,, that are
identical to those already obtained. The & displacement is
then written as

M+1
6;‘(2): Z Hji0i~1 (28)
i=1
where
by =90/07,., , (29)
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SECTION A-A

Fig. 4 The plate strip problem.

1.00

PO

W-FEM/W.ANALYTIC
a}

60 A

u} 0O REDUCED INTEGRATION

A FULL INTEGRATION

—EXACT SOLUTION

20

.00

00 50.00 100.00 150.00 200.00
NUMBER OF ELEMENTS

Fig. 5 Convergence of the 3-node element.

Using the isoparametric elemental® shape functions N, for
the in-plane distributions, we can write the following:

‘Pi—l(xs)’) = Z Nebpi1 (30)
k=1

0, _1(x,y)= Z Nibyi 1 (31
k=1
n M+1

a(x,y,2)=3 X H;Nidbyi—1 (32)
k=1 i=1
n M+1

5()‘,)’,2): Z Z PIjingkifl (33)
k=1 i=1

where ¢,,_; and 0,,_, are 34/9z and 8D/3dz evaluated at
the kth node, (i — 1)st interlaminar boundary, and »n is the
number of nodes on the element.
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The reference surface displacements are also distributed
using the shape functions N, ; thus,

ﬁ(x,y) = ké:lNkak (34)

5(x,0) = 3 Ny (35)
k=1

w(x00) = L Mo (39)

To obtain the full expression for the displacements u and v
within the element, the contributions of # must be added to
#1, and ¥ added to ©. If the vector of nodal unknowns is
defined as

{ac} =[ak’¢k0"'¢kM’5k’0k0-“0kM’Wk]T (37

for node k (see Fig. 3), then the shape function matrix
associated with a, becomes

N, o o]

HN 0 0

HyN, 0

J
[N] = 0 N, 0 (38)
0 H;N, ©

0  HyN, 0
0 N

L

The displacements at the kth node would be

i+
we={0+0) ={N}{ac} (39)
w k
Thus, the elemental displacements can be written as
{u}=[N]{a} (40)
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Fig. 6 Convergence of the 4-node element.
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and the elemental strains are
{e}=[L}{u}=[L][N]}{a} (41)

With this strain-displacement relation and stress-strain rela-
tions for each of the laminae, the elemental equations are
readily derived using one of the variational principles.

The elemental stiffness matrix obtained is

[K1= X [[[INTILIT[PIL][N]dv], (42)

Jj=1 Vol

where the summation is over each of the M laminae; the
integration is over the jth laminae.
Since [L] is composed of its linear and nonlinear parts,
[LoLIL,1,[L,], the stiffness matrix is readily expressed as
[K]=[Ko]+[Ki]+[K,] (43)
where

M
[Ko)= X [[f {(IN)IL]"IPI LN}, dv  (44)

j=1 Vol

[K1= 3% [ff {IN]T[L] [P LIIN]

+[N]"[L]"[ D] L,)[ V]
+[ N[ L] [ DI L[N} do (45)
(k1= X /ff {IN)TT L] [ DI L) V]
+[N1T L) [ D) L[ V]
+[N]T[ L) [ DI L] N]
+[NY[ L] [ DU LI N]
+[N]T[L]7[ DI L,1(N1}, do (46)
where, for arbitrary fiber orientation within the jth layer,

Dll Dll D13 0 0 D16
Dy Dy 0 0 Dy

(D} =1 sym Dy Dys O (47)
D 0
| Des |,
Results

A finite element program was written to incorporate the
notions of the preceding sections. A family of two-dimen-
sional isoparametric elements (ranging from the 3-noded tri-
angle to the 8-noded serendipity quadrilateral element) was
implemented in the program. The integrations were performed
numerically using Gauss-Legendre quadrature. The solutions
of the linear problems were carried out on a CDC Cyber 175,
using the Crout variation of Gauss elimination. The nonlinear
problems were solved on the Cyber using the modified
Newton-Raphson technique.® Before solving any physical
problem, a check of the eigenvalues and eigenvectors of [ K]
was performed to determine the element’s qualities. Essen-
tially, the results of this check were favorable. The rigid body
modes associated with the 3-, 4-, and 8-noded two-dimen-
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sional elements were reproduced using exact integration in-
plane.

The authors have carried out the solutions to four problems
in order to show the range and applicability of the newly
developed element in solving linear and nonlinear plate prob-
lems. It should be pointed out that the extension of element
use into shell application has not been attempted but, as will
be shown subsequently, the characteristics of this new element
are favorable for such an extension.

The first application examined is that of the plate strip (see
Fig. 4). The strip is infinitely long in the y direction, simply
supported, and loaded uniformly in the lateral direction so as
to cause cylindrical bending. That is, the lateral displacements
w are symmetric about the centerline of the strip and are
independent of y. The displacements v in the y direction are
zero. The strip consisted of two laminae whose fibers were
oriented at 0 deg with respect to the x axis. The loading
intensity was P, = 163.84 psi, and the material properties were
E, =2.5%107 psi, E, =1.0 X 10° psi, »;, =025, G;, =5.0 X
10° psi, Gy3=5.0X10% psi, Gp; =2.0 X 10° psi, k=02 in.,
and a =10.0 in. The analytical solution for this problem was
determined from Fourier analysis (using Navier’s method)® to
be

4 o0
Wmax=4:§); mglﬁsm(%) (m=1,3,5...) (48)
where
D=0,1/12 (49)
O =Bt/ B v B ] (50)

The modeling for the problem was to take a thin slice of the
plate, exploit the centerline symmetry, and impose the v =0
and v,, = 0 boundary conditions on the slice edges. The slice
was then discretized into elements, and a convergence study
carried out.

Figures 5-7 show the results of the study for the 3-, 4-, and
8-noded elements, respectively. Note that full and reduced
integration schemes were used with each element. In each
case, the reduced integration scheme converged more rapidly
than the full integration scheme. In the cases of the 3- and
4-noded elements using full integration, the convergence to
the analytical solution was obtained only when the dimensions
of the element were reduced to about one-third of the plate
thickness. In a subsequent paragraph, the phenomenon relat-
ing to a thin isotropic plate and associated locking’ will be
discussed. This phenomenon is closely associated with the
difficulties alluded to here for the full integration technique on
the orthotropic problem.

The second problem presented is the plate strip solved
analytically by Pagano® for various ply orientations and thick-
nesses. This problem is geometrically identical to the previous
one, but the loading is sinusoidal in nature. That is,

p(x) = posin(7x/a) (51)

Do =162.755 psi (52)

The plate was modeled by using five 8-noded rectangles and
reduced integration. Figures 8 and 9 show the good agreement
of the element with Pagano’s results for various thicknesses
and ply orientations. In these figures,

= (100 E, k> /Pya* ) w (53)

S=a/h (54)
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Fig. 7 Convergence of the 8-node element.
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Fig. 8 S vs w for fibers oriented at (0°, 90°).
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Fig. 9 S vs w for fibers oriented at (0°, 90°, 0°).

Figures 10 and 11 show plots of & vs Z for very thick plates at
x = 0, where

u=E,u/hp, (55)
and

i=z/h (56)
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Plots of &, vs Z are presented in Figs. 12 and 13. Note that, in
each of these figures, the finite element follows very closely the
results obtained by Pagano.?

The third problem presented is that of the four-ply (0°,
90°, 90°, 0°) square plate simply supported along each of its
edges and subjected to a transverse load of the form

p=p,sin( 7x/a)sin( wy/a) (57)

The plate was modeled using twenty-five 8-noded elements for
the quarter plate and reduced integration.

Figure 14 shows a comparison of w vs § for the plate.
Results obtained by the present method compare favorably
with the known solution and appear to be more accurate than
those obtained by Pryor and Barker.® The solution of each of
the above problems with isotropic material properties was also
performed. Difficulties were encountered in solving the thin
isotropic cases. A review of the literature!>'¢ shows that this
failure of the “thick-plate” element to converge to the “thin-
plate” solution is common. These thick-plate theories are
essentially of the Mindlin type, where the normat to a refer-
ence surface before deformation remains straight but not
necessarily normal after deformation. These assumptions lead
to stiffness matrices that characterize bending independent of
the transverse shear effects. The difficulty encountered by
these elements as the plate becomes thin is that the shear
stiffness matrix remains too stiff. Normally, this is looked
upon as a “penalty,” and a number of techniques have been
formulated that attempt to reduce the penalty. The methods
of penalty reduction involve reduced or selective integration
or formulation of a penalty function that is essentially a
multiplier on the shear stiffness matrix; which approaches zero
as the plate thickness is reduced. The failure of the thick plate
element to converge to the thin-plate solution has been attrib-
uted to the “locking” phenomenon. .

The present formulation is not of the Mindlin type since
reference surface normals are allowed to deform after loading.
Furthermore, the derivation of the stiffness matrix is carried
out from an elasticity point of view. The stiffness matrix is not
characterized by a bending part and a shear part.

The thin-plate solution is a result of Kirchhoff’s hypotheses,
which neglect both the direct strain ¢, and the shear strains
Yezs Yy.- In addition, the normal stress is assumed small
compared to o, and o, so that it is neglected in the stress-strain
relations. These assumptions lead to a theory based only on
the transverse displacement w. In the present work, the direct

[ty e FEM
——vracano[ 8]
1.20 s ~—-ctpT (8 ]

80

.60

40

20- y

<)

Fig. 10 & vs { for fibers oriented at (0°, 90°)-sym = 4.
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transverse strain is neglected, but the shear strains are not.
The problem is not reduced as is the classical thin-plate
problem. The effects of the transverse shear terms are always
present.

An attempt was made to find a method for reducing the
effects brought about by the shear strains. The method arrived
at was to lower the magnitudes of the shear moduli G,; and
G,3. This reduction resulted in a softening of the elemernt and
a convergence to the thin-plate solution.

Looking back at the locking problem and methods that
have been used to eliminate the locking, one sees that in each
case there was an attempt to soften the element in some way
so as to eliminate the effects of transverse shear. In effect,
what was being done was to artificially reduce the effects of
G,; and G,, on the solution of the problem. The present work
takes a less artificial and more direct approach to the problem.
Since the element was designed for a thick structure, the
three-dimensional effects had to be considered. Direct trans-
verse stress and transverse shear strains were always consid-
ered. The only way to reduce their effects was through the
constitutive relation [ D].

—--ctpet 8 ] i=

~o—e-FEM

—vrpagano[” 8 7

.80

.60

T T
50 1.00

u

Fig. 11 & vs £ for fibers oriented at (0°,90°, 0°)-sym = 4.
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The fourth and final problem presented herein is a square
orthotropic (0°,0°) plate loaded transversely with a uni-
formly distributed load p = p,. The boundaries of the plate
were clamped, and the quarter plate was modeled using six-
teen 4-noded elements with reduced integration. This problem
was chosen as a check of how the inclusion of the nonlinear
terms of the theory would affect the solution. The check was
made by proportionally increasing the load p and observing
the transverse deflection w at the center of the plate where it
was maximum. Figure 15 shows a plot of the results obtained.
This plot gives a comparison between the present element, a
similar element developed by Witt,'® and an approximate
analytical solution obtained by Chia.'! Note in particular that
the inclusion of the [K;] terms gives results that are nearly
identical to those obtained by Chia, who used a perturbation
method on the von Karmén plate equations. The inclusion of
the higher-order thickness terms of [K,] yields an expected
softening of the element as the loads are increased.

The inclusion of the [K,] terms in the nonlinear formu-
lation is an advance in the state-of-the-art in through-the-
thickness representations. It is seen to become more important
as load levels are increased (assuming yield stress is not
exceeded). Since [ K, ] contains nonlinear transverse rotational
terms, it would also become more important whenever trans-
verse shear terms affect the problem. The thicker the structure,
the more important the inclusion of these terms becomes.
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Conclusions

We have presented a theory and finite element that have
been shown to be accurate for a class of thin and thick
orthotropic plate problems.

The element shows favorable interelement strain compati-
bility through the thickness. In applications to thick plates
where three-dimensional brick elements are normally used, the
present element shows a favorable reduction in nodal degrees
of freedom from 5M + 5 to 2M + 5, where M is the number
of plies. In addition, the inclusion of the nonlinear through-
the-thickness terms of [K,] in plate analysis leads to a solu-
tion that is “softer” than the [K;] solution.
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